A probabilistic model of oil discovery by Smith, James Lee
A Probabilistic Model of Oil Discovery
James L. Smith
March 1979
Revised: January, 1980
Energy Laboratory Working Paper No. MIT-EL 80-005WP
bl
Bti
A PROBABILISTIC MODEL OF OIL DISCOVERY
James L. Smith
March, 1979
Revised: January, 1980
The author is indebted to Paul Eckbo for his extensive contributions
to this research; and to Hendrik Houthakker, Frank O'Carroll for
helpful comments on an earlier draft. Excellent research assistance
was provided by Geoffrey Ward. Of course, any errors are the sole
responsibility of the author.
This research was made possible by financial support from the
Norwegian Research Council for Science and Humanities, the Center
for Petroeconomic Studies of the Ch. Michelsens Institute, and
the Center for Energy Policy Research of the Massachusetts Institute
of Technology. All opinions, findings, and conclusions expressed
herein are those of the author, and do not necessarily reflect the
views of these organizations.
2-
A PROBABILISTIC MODEL OF OIL DISCOVERY
1. Introduction
Diverse approaches to the problem of petroleum supply forecasting
have been proposed since the appearance of Fisher's pioneering
study [8]. Proposed techniques include both engineering-based methods
of resource assessment [14] and the more familiar techniques of
econometric extrapolation [5,6,7,11,12], and some combinations of the
two [13,16]. Regardless of method, however, all studies have experienced
the common difficulty of accounting satisfactorily for the phenomenon
of exploration and discovery, which is crucial in the determination of
future supplies. Structural disparities among the alternative models
of resource discovery have been described elsewhere [4], and competing
forecasts have been shown to be highly sensitive to model specification
and the period of estimation [18], and to the degree of regional
disaggregation of the data base [7]. The resulting discrepancies pose
serious problems for the forecaster, because there is no strong a priori
basis for choosing among the alternative specifications.
Recently, Kaufman and his associates have developed a new method
of discovery modeling that provides a simple and appealing structural
description of the process of resource discovery and depletion [1,2,10].
Unlike previous methods, Kaufman's formulation provides a lucid and
internally consistent theoretical framework against which the reasonable-
ness of resulting forecasts may be judged. However, although the
empirical usefulness of the method has been demonstrated by a recent
-2-
application to the North Sea petroleum basin [4], its implementation
relies heavily on highly specialized techniques of numerical analysis
which make it difficult and costly to apply on a broad scale.
The present paper presents a discovery model that has been adapted
from that of Kaufman with the purpose of simplifying its empirical
application. The formal changes, described below in Section 2, are
motivated by two considerations: (1) they significantly reduce the
computational demands placed on the forecaster, and (2) they reduce the
sensitivity of the resulting estimates to the type of measurement error
that is inherent in available reservoir data. The resulting model is
applied in Sections 3 and 4 to the North Sea petroleum province, and
estimates of remaining reserves and future discoveries are obtained and
compared to other estimates taken from the trade press. Section 5
concludes with a brief summary of results. The data used in the North
Sea application are presented in an appendix.
2. The Discovery Model
The discovery model outlined below constitutes a stochastic
production function which governs the relationship and timing between
exploratory effort and reservoir discovery. The relationship is stochastic
because it allows that a given level of exploratory effort may or may
not result in successful discoveries, or perhaps in discoveries of
varying size. The relationship is also dynamic, in that the productivity
of exploratory effort evolves through time according to physical laws of
resource depletion.
The following statistical postulates, first suggested by Kaufman
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and his associates, describe the evolutionary nature of the discovery
phenomenon:
(1) The discovery of reservoirs in a petroleum play can be
modeled statistically as sampling without replacement from
the underlying population of reservoirs.
(2) The discovery of a particular reservoir from among the
existing population is random, with probability of discovery
being proportional to reservoir size.
Kaufman employs the two postulates in conjunction with a presumed
lognormal size distribution of underlying reservoirs. However, there
is nothing in the postulates themselves which confines analysis to the
lognormal case. In its place, we assume here that the original deposition
of reservoirs follows an arbitrary but discrete size distribution. In
general, the resource base may consist of J possible reservoir sizes,
denoted (S1, ..., SJ), occurring with respective frequencies (nl, ..., n).2
The probability that the first discovery (D1) will be of size S.
may then be computed directly from the second postulate:
n.S.
(1) P(D 1 =SJ) = J for j = 1, ..., J.
Z nk -Sk
k=l
As exploration and subsequent depletion proceed, the first postulate
dictates the way in which the discovery probabilities evolve. In
1A "play" is defined to be a group of similar geological configurations
generated by a series of common geological events, forming a population
of structures that is conceived or proven to contain hydrocarbons.
2In empirical applications, the size of each reservoir is generally
measured by the volume of reserves that can be recovered using current
technology. We follow this convention in the North Sea application
discussed below.
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general, the number of reservoirs of size S remaining prior to the ith
J
dis2overy is determined by the depletion that has gone before. We
th
represent the cumulative number of discoveries of the j h size which
precede the ith discovery by the symbol m... The probability that the
.th thth discovery will be of the j size, conditional on the sizes of
preceding discoveries, may then be written:
(nj-mij.).S.
D(2) P(Di=Si j 1, ... D; 1) = ;for j 1, ... , J.
Z (nk-mik).S k
k=l
To compute the discovery probabilities at each stage in the discovery
sequence (and the joint probability of the entire sequence) it is necessary
to know both the original deposition {n.} and the number of preceding
discoveries of each size {mij }. The latter are determined immediately
upon specification of the discovery sequence in question. For convenience,
we denote the size index of the ith discovery by the symbol I.. An
arbitrary sequence of N discoveries may then be represented by (I1, ..., IN).
Conditional upon knowledge of the original deposition, it is then
possible to compute the likelihood of any particular discovery sequence
by taking the product of successive conditional probabilities:
N (nI.-miI.).SI.
(3) L(I1, ... , IN I nl, nj) = I i=l
E (nj -mi) S.
j=1 J
Alternatively, given an observed discovery sequence, (I1, ..., IN), the
likelihood function can be evaluated at alternative points in the space
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of (nl, ..., n), and the original deposition (fil, ... , ftJ) identified
which maximizes the likelihood of having observed the discovery sequence
in question. The resulting estimates {fj.} comprise conventional
maximum likelihood estimates of the resource base, and bear the usual
optimality properties. Such estimates have been computed for the North
Sea petroleum basin, based on the sequence of the first 99 known
discoveries. These estimates are presented below in Section 3.
Having obtained estimates of the original deposition based on the
first N discoveries, it is possible by repeated application of Equation 3
to generate a sequence of predictive probability distributions which
characterize the volume of each ensuing discovery. However, this
procedure becomes prohibitively expensive as the sequence is extended
into the future. Alternatively, the predictive probability distributions
may be approximated by simulating the exploratory process according to
the two specified discovery postulates, and observing the relative
frequency of alternative outcomes. One simulated discovery sequence of
this type, based on the North Sea estimates, is presented in the next
section.
3. North Sea Results
The forecasting technique described above is used here to generate
estimates of the resource base and the sequence of future discoveries
in the North Sea petroleum play. In the present context, the area of
the play is defined geographically as that section of the North Sea
lying between 560 and 620 north latitude and east of the Shetland
Islands. Consequently, the resulting North Sea reserve estimates are
-6-
comparable in geographical extent to those cited elsewhere [3,4,20].
To implement the estimation procedure a seven-cell reservoir
size distribution is specified, as indicated in Table 1. The choice
of a specific categorization scheme is necessarily arbitrary, but has
been made with the intent to reflect the fairly broad range of commonly
occurring North Sea reservoir sizes.2
TABLE 1: RESERVOIR SIZE CLASSIFICATION AND ESTIMATES
(mS99j ) (j)
(j) class (S historical estimated est. total est. remaining
class bounds size frequency deposition reserves reserves
1 0-50 25.0 26 203 5,075 4,425
2 50-100 75.0 15 44 3,300 2,175
3 100-200 150.0 15 26 3,900 1,650
4 200-400 300.0 19 23 6,900 1,200
5 400-800 600.0 16 16 9,600 0
6 800-1600 1200.0 4 4 4,800 0
7 1600-3200 2400.0 4 4 9,600 0
total 99 320 43,175 9,450
reservoir size measured in million barrels.
The data which support the estimation consist of the first 99
discoveries declared in the North Sea -- covering the period from
1 In geological terms, the North Sea play logically extends north of the
620 parallel. However, this region has been deliberately withheld from
exploration by the Norwegian government. Therefore, the estimates
presented here describe the resource potential of a circumscribed area
of the play. Presumably, the area north of the 620 parallel will
eventually provide a discovery sequence of its own which may then be
used to make inferences regarding the underlying resources of that area.
A geological description of the western and southern boundaries of the
play is found in [3].
2Any categorization of reservoirs will in general distort the aggregate
volume of reserves declared to date. The categories shown here overstate
established reserves by approximately three percent.
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July, 1967 to December, 1976. Both the order in which the discoveries
occurred and their respective magnitudes are considered in deriving the
historical discovery sequence, (I1, ..., I ) . The specific data which
enter the sequence are presented in the appendix.
Given the historical discovery sequence, estimates of the original
deposition have been obtained which maximize the likelihood of the
observed sequence. These estimates appear in Table 1. As one would
expect, the majority of reservoirs appear to be of the smallest size,
with relatively few of the larger sizes. The skewed size distribution
which results follows a traditional skewed pattern of mineral deposition.
However, the distribution does not conform well to the familiar
lognormal hypothesis. The discrepancy can be quantified by examining
the X2 goodness-of-fit statistic. When the observed cell frequencies
(from Table 1) are compared to the expected cell frequencies corresponding
to a lognormal deposition, the computed X2 statistic assumes the
value 543.38, with seven degrees of freedom.3 This outcome would
ordinarily lead to rejection of the lognormal hypothesis. However, the
test must be interpreted with caution because the "observed" cell
frequencies have actually been estimated in this case, rather than
observed.
1The size of each discovery is taken to be the combined declared volume
of recoverable oil and gas reserves, expressed in terms of oil
equivalent on a BTU basis.
2The point of maximum likelihood was identified directly by a grid-type
search over the discrete parameter space.
3The particular lognormal distribution chosen for comparison was taken
to have mean and variance equal to that of the observed distribution,
after applying Sheppard's correction for grouped data.
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By subtracting the observed number of historical discoveries from
the estimated deposition, the remaining number of reservoirs in each
size class may be inferred. The resulting volume of reserves remaining
to be discovered is recorded in the last column of Table 1. Perhaps the
most striking aspect of these results is that no additional discoveries
are projected among the three largest size categories (i.e., greater than
400 million barrels). Evidently, the North Sea play is in an advanced
state of development, such that the probability is small that additional
large reservoirs have been overlooked. This finding is consistent with
that of Robinson and Morgan [20], who forecast only one additional
discovery exceeding 450 million barrels in the British sector. Of
course, it is entirely possible that additional large reservoirs will
be found in areas of the North Sea which have been excluded from the
present analysis (e.g., north of the 620 parallel or west of the Shetlands).
A useful check on the validity of our model results is to ask
whether the hypothesized discovery process, when applied to the estimated
deposition of reservoirs, would indeed generate the reserve volume
which our data sources report to have been established by the 99
historical discoveries. By simulating the discovery process many times,
we have found the expected volume of reserves established by the first
99 discoveries (as implied by the model) to equal approximately 33.3
billion barrels, with standard deviation equal to 0.77 billion barrels.
This conforms closely to the reported volume of 32.6 billion barrels
actually established by the 99 discoveries. Thus, the model is at
least successful in reproducing past history.1
1The simulation procedure is described below in Section 4.
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The volume of ultimately recoverable North Sea petroleum reserves
is estimated to be approximately 43 billion barrels of oil and gas
equivalent (Table 1). Table 2 places this number in perspective relative
to several judgmental estimates of North Sea reserves made by members of
the petroleum industry. It is clear that opinions vary widely within
the industry, ranging from 35 to 67 billion barrels, with greatest
weight attached to the lower end of this interval. If an industry
consensus could be established, it would appear that our estimate would
not deviate greatly from it. However, all of the estimates are subject
to considerable margins for error and should only be viewed as indications
of the likely order of magnitude.
TABLE 2: COMPARISON OF RESULTS
Reserve Estimates (billion barrels)
BP (1973) 38.0
BP (1974 40.0
Conoco (1975) 45.0 - 67.0
Mobil (1975) 50.0
Shell (1976) 35.0
Smith 43.2
Source: the Mobil estimate is cited in [20, p. 13]; other
industry estimates are cited in [17, p. 25].
By comparing the maximized value of the likelihood function with the
reductions that result from imposing constraints on the total volume of
ultimately recoverable reserves, it is possible to establish 90% fiducial
limits corresponding to our point estimate of 43.2 billion barrels. The
bounds obtained extend from 38.4 billion to 65.0 billion barrels. It
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is interesting but coincidental that this range corresponds so closely
to the range of uncertainty reflected in the industry estimates reported
in Table 2. The 95% fiducial limits for our point estimate extend from
38.2 billion to 68.5 billion barrels.
4. Future Discoveries
The behavior of future North Sea discoveries has been simulated by
repeated sampling from the estimated remaining population of reservoirs
shown in Table 1. The simulation procedure consists of sequential
sampling of individual reservoirs from among the remaining population
according to the two basic discovery postulates. That is, a complete
sequence of discoveries is obtained by successive drawings, without
replacement, from the remaining reservoirs, where each reservoir has
discovery probability proportional to its size. In total, 10,000
complete discovery sequences have been generated using Monte Carlo methods,
and the results are summarized in Table 3.
In generating each discovery sequence, one additional reservoir
size category has been appended to account for the possibility of dry
holes (Dj=O). The probability of striking a dry hole is assumed to be
constant (75%) at each step in the discovery sequence. This dry hole
risk factor is roughly consistent with historical experience in the
North Sea play.
Average discovery size at each step in the projected sequence
We obtain the fiducial limits by invoking the approximate x2 distribution
of the likelihood ratio statistic. The constrained maximum of the likeli-
hood function corresponding to a specified reserve level (R) was computed
by a grid search over the subspace of (nl, ..., nj) satisfying
En.S. = R.
· J J
J
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TABLE 3: SIMULATED FUTURE NORTH SEA DISCOVERIES,
PARTIAL SEQUENCE
(million barrels oil equivalent)
unconditional
discovery size
conditional
2discovery size
discovery size
cumulative 3
reserve volume
Expected Coefficient
Value of Variation
23.3
23.2
22.7
22.4
22.3
22.1
21.8
21.7
21.2
20.8
20.2
19.5
18.4
18.7
18.1
17.9
17.3
16.9
16.4
16.0
15.7
15.1
14.6
14.3
13.8
2.61
2.61
2.62
2.62
2.63
2.64
2.63
2.64
2.65
2.66
2.67
2.66
2.68
2.67
2.66
2.70
2.70
2.71
2.69
2.69
2.66
2.68
2.67
2.62
2.61
Expected Coefficient
Value of Variation
93.2
92.5
91.0
89.6
89.3
88.4
87.0
86.9
84.6
83.2
80.7
78.1
74.3
74.7
72.6
71.6
69.2
67.4
65.5
64.2
62.7
60.6
58.6
57.3
55.2
0.97
0.98
0.98
0.99
0.99
0.99
0.99
1.00
1.00
1.01
1.02
1.01
1.02
1.02
1.01
1.04
1.04
1.04
1.03
1.03
1.01
1.02
1.02
0.98
0.98
Expected Coefficient
Value of Variation
23.3
116.0
230.8
344.3
455.9
565.9
675.1
782.8
889.0
1099.0
1301.5
1499.7
1692.4
1879.9
2063.9
2242.8
2417.2
2587.0
2752.9
2914.3
3072.4
3226.1
3375.0
3520.7
3662.2
2.61
1.15
0.81
0.66
0.56
0.50
0.45
0.41
0.38
0.33
0.30
0.27
0.25
0.23
0.21
0.20
0.18
0.17
0.16
0.16
0.15
0.14
0.13
0.13
0.12
lincludes unproductive wells (dry-holes)
2excludes unproductive wells
3includes discoveries established by all preceding wells in the sequence
Discovery
Number
1
5
10
15
20
25
30
35
40
50
60
70
80
90
100
.110
120
130
140
150
160
170
180
170
200
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(column two) is computed from all 10,000 drawings (wells), including
both productive reservoirs and dry holes. The phenomenon of "discovery
size decline" is evident as one proceeds down the sequence. The rate
of decline is not dramatic, however, since most of the large fields have
already been found, leaving a more homogeneous distribution of reservoirs
in the ground. The coefficient of variation of discovery size (column
three) measures the degree of risk at each step in the sequence. The
coefficient of variation is of substantial magnitude throughout the
sequence due to the presumed risk of dry holes.
Conditional discovery size, which is the average of only those wells
that were actually successful (approximately 2,500 in number), is also
reported at each step in the sequence (column four). The figures indicate
the expected discovery size for a well at any point in the sequence,
conditional on its striking a reservoir. The coefficient of variation is
also reported (column five), and is now smaller due to the exclusion of
dry holes. Nevertheless, even the risk attending successful efforts is
substantial, with standard deviation being of the same order of magnitude
as the expected value.
It is apparent from the conditional discovery sizes that the
petroleum industry can expect only modest returns from future exploratory
activity. Reservoirs as small as 70 million barrels are not far distant
from the threshold size that is necessary in the North Sea to support
economically viable development and production at current price levels.
(The reader is referred to Eckbo, Jacoby, and Smith [4]). An important
implication is that the tax policies and incentive structures adopted by
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the British and Norwegian governments could have a substantial effect
on the exploration for and recovery of these future reserves. Even a
relatively small distortion created by the fiscal regimes could easily
trigger a far-reaching decision to abandon the search for addition
petroleum in this area.
Finally, we report the average and coefficient of variation of
cumulative discoveries, computed at each step in the discovery sequence
(columns six and seven). For example, the next 25 wells are expected-to
establish a total of 565.9 millionsbarrels of oil and gas equivalent
(including dry holes), with standard deviation roughly half that
magnitude. In general, these figures measure the combined success of
the next j wells, and give some insight into the productivity and risk
of sustained drilling programs.
5. Concluding Remarks
A major strength of the probabilistic discovery model is the simple
yet consistent theoretical treatment of depletion and its influence on
the productivity of exploration through time. Application of the model
provides direct estimates of the physical returns to continued exploratory
activity. Supplemented by estimates of exploratory costs and other
economic parameters, the results may be used to infer the economic
returns to exploration, and to identify future levels of exploration,
discovery, and production that are likely to be pursued by the oil
industry. One application of this type of comprehensive forecasting
approach has been described elsewhere [4].
The present formulation of the discovery model retains Kaufman's
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two basic discovery postulates, but reparameterizes the target population
in a manner that facilitates empirical applications. Of course, the
simplification is not achieved without cost. One limitation results
directly from the discrete nature of the reservoir size classification
employed: the specified categories provide only an approximation to
the underlying but unknown continuous distribution. The danger in using
any discrete categorization is that some information available in the
historical discovery sequence may be lost, because reservoirs of varied
but similar sizes are grouped together. The alternative of specifying
a continuous form for this distribution (e.g., lognormal) has the
advantage of using all of the information available, but even then it can
be used only in conjunction with a distributional form that is specified
exogenously.
However, the discretized scheme may have a compensating advantage.
Reservoir sizes reported in the historical data are known to be subject
to considerable error and approximation. Consequently, there is in fact
less information available than is apparent. Any classification scheme
that is too finely calibrated (including continuous forms) stands the
danger of registering many distinctions in reservoir size that are
illusory. In other statistical contexts the grouping of similar
observations is known to be an effective estimation strategy for controlling
errors of measurement in the data. In this case also it may be
reasonable to expect that errors of mis-classification are mitigated by
using fairly broad size categories. However, the question of what an
"optimal" grouping would look like has not been addressed.
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On balance, the method of analysis presented here appears to be an
important and useful. addition to the set of tools available for economic
studies of petroleum supply. It would be useful to further explore the
sensitivity of results to the particular form of the postulated sampling
mechanism. The concept of discovery without replacement and proportional
to size is but one possible characterization of the explorationist's
search behavior. There may be other characterizations with even greater
intuitive appeal or empirical validity. While the present modelling
approach is flexible enough to incorporate alternative specifications
of the discovery process, no alternative formulations have yet been
explored.
-16-
Appendix: The Data
Estimates of recoverable reserves of oil and gas equivalent
(Table 4) were taken from the recent study by Nehring [15] whenever
such data were available. Estimates for remaining fields were derived
by giving equal proportionate weight to the data reported by Wood, Mackenzie
& Co. [21], Riggs National Bank [19], and Robinson and Morgan [20],
whenever they were available. If none were available, the estimates
reported by John S. Herold, Inc. [9 ] were used. If that were not
available, Beall's [3] es6timates were used.
Some discoveries have been reported for which none of the six
sources provide an estimate of recoverable reserves. The reserves in
such cases were assumed to be small -- less than 50 million barrels.
A more detailed description of the reserve estimates is available upon
request from the author.
The date of discovery of each reservoir was taken from [21] whenever
available. Otherwise, the discovery dates reported in [19] were used.
The discovery sequence departs only once from the chronological record,
that relating to the Statfjord field. Although Statfjord was not
discovered until February, 1974; it is widely believed that the industry
had desired to drill the structure much earlier, at approximately the
same time as the Brent field, and was only prevented from doing so by
the reluctance of the Norwegian government. Therefore, it seems
appropriate to place the Statfjord discovery immediately after Brent in
the discovery sequence. The effect of this resequencing is small.
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TABLE 4: CHRONOLOGICAL DISCOVERY SEQUENCE
Name or
Locati.on
Balder
Cod
2/3-1
Montrose
Eofisk
Josephine
Forties
Tor
W. Ekofisk
Auk
Frigg
30/2-1
Brent
Statfjord
Argyll
3/25A
Lomond
Bream
S.E. Tor
Albuskjell
Beryl
S. Cormorant
Edda
Eldfisk
Heimdal
Piper
Maureen
Dunlin
Thistle
3/19-1
3/15-2,3
E. Frigg
Hutton
3/29-1,2
Brisling
3/4-1,2,3
Alwyn
Heather
N.W. Tor
Ninian
Odin
3/4-4,5
Flyndre
N.E. Frigg
Sleipner
Claymore
Andrew
S.E. Frigg
Bruce
Discovery
Date
7-67
6-68
4-69
9-69
9-69
9-70
10-70
11-70
12-70
2-71
6-71
6-71
7-71
2-74
8-71
12-71
5-72
6-72
6-72
8-72
9-72
9-72
9-72
12-72
12-72
1-73
2-73
6-73
7-73
7-73
8-73
8-73
9-73
9-73
10-73
10-73
11-73
12-73
12-73
1-74
3-74
3-74
4-74
4-74
4-74
5-74
6-74
6-74
7-74
(mmb)
Reserves
100
100
12
150
2079
88
1800
331
365
63
1264
<50
2578
3104
28
310
220
75
45
726
500
140
126
883
285
700
148
585
550
<50
150
40
240
<50
62
225
425
150
<50
1100
178
200
<50
66
660
405
450
7
450
Name or
Location
Magnus
Buchan
W. Beryl
N. Cormorant
W. Heather
15/23-1A,2,4B
211/13
15/22-1
Tartan
Hod
3/11-1
Mabel
14/20-1,5
Brae
211/27-3
Crawford
Tern
2/10-1A,2,3
W. Ninian
9/13-7
Gudrun
21/2-1
3/2-LA
Valhall
3/4-5, 3/9-1
16/7-2
16/21
Murchison
211/26-4
211/18-9
15/30-1,2
15/21
15/13-2
Fulmar
3/23-1
3/8-4
15/29-2
23/25A
Ranger
Renee
211/16
9/19-2
3/28-1
N. Thistle
Thelma/Toni
30/7
7/12-2
Beatrice
35/3
33/9-7
Discovery
Date
7-74
8-74
8-74
8-74
9-74
10-74
11-74
11-74
1-75
1-75
1-75
2-75
2-75
4-75
4-75
4-75
4-75
4-75
5-75
5-75
6-75
6-75
6-75
6-75
7-75
8-75
8-75
9-75
9-75
9-75
9-75
10-75
10-75
11-75
11-75
11-75
2-76
3-76
3-76
4-76
5-76
5-76
5-76
7-76
7-76
8-76
8-76
9-76
10-76
11-76
(mmb)
Reserves
450
155
115
400
75
225
250
<50
400
88
<50
100
62
903
258
300
300
50
100
650
450
50
242
657
400
<50
45
560
175
50
<50
62
200
400
<50
<50
<50
100
75
375
<50
<50
<50
175
600
<50
200
162
<50
225
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